CLNS-98/1554 
hep-th/ 980400^ 



Deriving N=2 S-dualities from Scaling 
for Product Gauge Groups 



Philip C. Argyres and Alex Buchel 

Newman Lab., Cornell University, Ithaca NY 14853 
argyres, buchel@mail.lns.cornell.edu 



Abstract 

S-dualities in scale invariant N = 2 supersymmetric field theories with product gauge 
groups are derived by embedding those theories in asymptotically free theories with 
higher rank gauge groups. S-duality transformations on the couplings of the scale 
invariant theory follow from the geometry of the embedding of the scale invariant 
theory in the Coulomb branch of the asymptotically free theory. 
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1 Introduction 



S-duality is the quantum equivalence of classically inequivalent field theories. The 
paradigmatic example is the strong-weak coupling duality of = 4 supersymmetric 
Yang-Mills under which theories with couplings r and — 1/t are identified. 

This letter discusses S-dualities for scale invariant N = 2 supersymmetric field 
theories with product gauge groups and matter in the fundamental representation 
1^, 1^, ^. The main evidence for S-dualities in = 2 theories has come from 
the spectrum of BPS saturated states and from low-energy effective actions 0. 
By relating S-duality transformations in scale invariant N = 2 gauge theories to global 
symmetries in asymptotically free theories, it was shown in that S-dualities of gauge 
theories with a single gauge group factor are, in fact, exact equivalences of their quan- 
tum field theories. S-dualities of the theories with product gauge groups are expected 
to have a more complicated structure of identifications on the classical coupling space 
|Jl|, ^ 1^, ^, H . Nonetheless, we show that it is still possible to relate S-dualities of these 
theories to global symmetries of higher rank asymptotically free theories. 

As for simple gauge groups, the basic idea is to regard the marginal couplings of 
the scale invariant theory as the lowest components of A^ = 2 vector multiplets — 
complex scalar "Higgs" fields — in an enlarged theory. Then the coupling space Ai of 
the scale invariant theory is realized as a submanifold of the Coulomb branch C of the 
enlarged theory. Any S-duality identifications of different points of Ai are interpreted 
as equivalences on C. By choosing the enlarged theory appropriately, these equivalences 
on C can be made manifest as (spontaneously broken) global symmetries. 

In the next section we review the derivation of the S-duality transformations for 
the gauge theories with simple gauge group p. The brane picture of the derivation 
is very illuminating and allows for the straightforward generalization to the theories 
with product gauge groups. In section 3 we consider scale invariant SU{ki) gauge 
theories and in section 4 we derive S-dualities of scale invariant (g), SO {k2i-i)®Sp{k2i) , 
(SliSU (ki) (g) SO{n) and 0jS'f/(fci) ® Spin) theories. We conclude with some comments 
in section 5. 

2 Review of S-duality for simple gauge groups 

The scale invariant N = 2 theories with a single SU, SO, or Sp gauge group and quarks 
in the fundamental (defining) representation all have low-energy effective theories that 
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are invariant under identifications of r under a discrete group isomorpliic to[| r°(2) C 
SL{2, Z) ip, |10[. r°(2) is tlie subset of SL{2, Z) matrices witli even upper off-diagonal 
entry, or equivalently, is tlie subgroup of SL{2, Z) generated by T : r ^ r + 2 and 
S : T ^ acting on tlie classical coupling space M.ci = {Inir > 0}. (We have 

taken the gauge coupling to be r = ^ + , differing by a factor of two from the 
usual definition.) r''(2) is characterized more abstractly as the group freely generated 
by two generators T and S subject to one relation S"^ = 1. Dividing A^^i by the S- 
duality group gives the the quantum coupling space Ai = 7Wci/r°(2). Generally, the 
relations satisfied by the generators {T, S} encode the holonomies in Ai around the 
fixed points of the r''(2) action. For example, for the action given above, Ai has three 
such points: the weak coupling point r = +ioo fixed by T, an "ultra-strong" coupling 
point r = 1 fixed by TS, and a Z2 point t = i fixed by S. In fact, this data plus the fact 
that the topology of Ai is that of a two sphere summarizes the physically meaningful 
information about the space of couplings. Its particular realization as a fundamental 
domain of r°(2) acting on the r upper half plane is dependent on which coordinate r 
we use; without an independent non-perturbative definition of r, the only conditions 
we can physically impose are on its behavior at arbitrarily weak coupling. Thus the 
physical content of a statement of S-duality is nothing more than a characterization of 
the topology of the space of couplings and the holonomies around its singular points. 

Consider the scale invariant SU (r) theory with 2r fundamental quarks. The Coulomb 
branch of the theory is described by the curve 

1/2 = n(x-0a)'+(/^'-i)n(^-/"i-M, (1) 

a=l j=l 

parameterized by a gauge coupling h, quark masses fij and /x, and Higgs vevs (pa- h is 
a function of the coupling such that /i^ ~ 1 + 64e*'^'^ at weak coupling, fij (satisfying 
J2j f^j = 0) are the eigenvalues of the mass matrix transforming in the adjoint of the 
SU{2r) fiavor group, the singlet mass /i is charged under the U{1) "baryon number" 
global symmetry, and the (pa (satisfying 'Pa = 0) are the eigenvalues of the adjoint 
Higgs field; only fiavor and gauge invariant combinations of the fij and (pa appear as 
coefficients in (|l|). 

In the scale invariant theory (setting the masses to zero) in this parameterization of 
the curve, the coupling parameter space is the h plane. There are two weak coupling 
points h = ±1 and a point h = 00 where the low energy effective theory on the Coulomb 

-'^For the SU{2) scale invariant theory the S-duahty group is enlarged to SL{2, Z) 0; we return to 
this point in section 5. 
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branch is singular. (Though h = is apparently also such a singular point, a more 
careful analysis of the low energy effective action as h ^ reveals no divergences.) 
The low energy effective action is invariant under the Z2 identification h —h (with 
/i — * — /i) . Identifying the /i-plane under the action of this Z2 gives a quantum coupling 
space with one weak coupling singularity (/i = 1), a Z2 fixed point {h = 0), and a 
singular point {h = 00). This matches the description given above of the fundamental 
domain of r°(2) and is the low energy evidence for this S-duality. 

We now review the scaling argument of [§] which derives this S-duality by embedding 
the scale invariant theory in the asymptotically free SU{r + 1) theory with 2r quarks. 
We can flow to the scale invariant SU{r) theory by Higgsing the SU{r + 1) theory so 
that (pa = M, 1 < a < r and (pr+i = —rM and assigning the singlet mass fi = M to 
keep the 2r quarks massless. These tunings are also valid in the quantum theory, since 
upon applying them to the asymptotically free SU{r + 1) curve 

y' = m^-<Par-A'ix-f,r (2) 

a=l 

and shifting x ^ x + M, the curve factorizes as 

{x + {r + l)Mf -A^]. (3) 



2 2r 

y =x 



We recognize the x^*" factor of (|^) as the singularity corresponding to the scale invariant 
vacuum of the SU{r) theory with 2r massless quarks. We identify the dimensionless 
parameter M/A which varies along the scale invariant singularity with (some holomor- 
phic function of) the gauge coupling of the scale invariant theory. Denote by Q the 
submanifold (parameterized by M) of scale invariant vacua of the Coulomb branch. 
From the degenerations of (^ Q has a weak coupling point at M = oo and two ultra- 
strong coupling points (singularities) at M = ±A/(r + 1). Furthermore there is a 
non-anomalous Z2 C U{l)ii which acts on the Higgs fields as — ^ —(f) (and when 
appropriately combined with a global flavor rotation takes fi — /w), so that the M 
plane is identified under M — > — M,0 giving a single ultra-strong coupling point and a 
Z2 orbifold point at M = 0, thus deriving the content of the conjectured S-duality for 
the SU series. 

Although this argument used the low energy effective action of the asymptotically 
free theory, it provides more than just low energy evidence for the S-duality. By tuning 



^Although one should not quotient the space of vacua by the action of a spontaneously broken 
global symmetry, because we are interpreting this submanifold of the Coulomb branch as the coupling 
space of the scale invariant theory, it is legitimate (indeed necessary) to do so. 
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vevs on the Coulomb branch C of the asymptotically free theory to approach the scale 
invariant fixed line Q G C, we can deduce exact information about the scale invariant 
theories.0 Since the manifold of fixed points Q is related to the coupling space Ai of 
the scale invariant theory by a holomorphic map (by N = 2 supersymmetry), Q must 
be a multiple cover of Ai, and hence the topology of Q will constrain the topology of 
Ai, giving exact S-duality relations. These identifications are exact in the the scale 
invariant theory because by approaching Q arbitrarily closely on the Coulomb branch 
we can make the effect of any irrelevant operators from the asymptotically free theory 
as small as we like. In essence, this argument assumes only that the scale invariant 
theory has a gap in its spectrum of dimensions of irrelevant operators.^ 

The explicit factorization of (|^) into the conformal factor of the scale invariant SU (r) 
theory and the factor responsible for additional singularities (which we interpreted as 
singularities on the space of couplings) is possible because of the special hyperelliptic 
representation of this curve. Solutions of = 2 gauge theories with product gauge 
groups are encoded in curves which are not hyperelliptic. To generalize the preceding 
argument to product gauge groups it is useful to reformulate it in an M-theory/IIA 
brane language.0 

An ad hoc object from the field theory perspective — a Riemann surface whose com- 
plex structure encodes the low energy couplings on the Coulomb branch — is given a 
physical interpretation in the M-theory formulation of A^ = 2 gauge theories |T3|, |I|. 
Consider the type IIA configuration of intersecting branes depicted in Fig. 1. Two (NS) 
fivebranes extend in the directions ^ and are located aX = = = Q 

and at some specific values of x®. r + 1 (D) fourbranes stretch between the five- 
branes, extend over . . . , and are located at = and at a point in 
V = x'^ + ix^. Note that these fourbranes are finite in the x^ direction. This configu- 
ration represents the Coulomb branch vacua of an SU{r + 1) gauge theory in the four 
dimensions x'^,. . . ,x^, with the position of the fourbranes in v corresponding to the 
vevs of the adjoint scalar in the N = 2 vector multiplet. For the model in hand we 
choose V = M for r of the fourbranes and v = —rM for the remaining one. In Fig. 1 
we have also shown 2r semi- infinite fourbranes which also extend over x^, . . . ,x^ and 
are located at = 0. r of these fourbranes end on the left fivebrane and 

^This same type reasoning is used in to deduce exact equivalences between conformal field 
theories and supergravity theories. 

"^By the arguments of this is plausibly also the condition for the scale invariant theory to be 
conformally invariant. 

^In ||] S-dualities for a broader class of theories are derived by considering type II strings on 
Calabi-Yau three-folds. 
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Figure 1: A configuration of fivebranes connected by parallel fourbranes realizing the 
embedding of the scale invariant SU (r) gauge theory into an asymptotically free SU{r+ 
1) theory. The horizontal dotted line marks the position of the origin in the w-plane. 



the other r end on the right one and correspond to the 2r hypermultiplets (quarks) of 
the SU{r + 1) gauge theory. Their (fixed) v coordinates encode the masses of the hy- 
permultiplets. With the choice of mass parameters as in (|^), one gets the configuration 
of Fig. 1. 

This brane configuration is singular where the ends of the fourbranes end on the 
fivebrane world volume. These singularities are resolved by lifting the construction to 
M theory where the IIA fourbranes become M theory fivebranes wrapped around the 
eleventh dimension x^^. In fact, the whole configuration of branes in Fig. 1 appears as 
a single M theory fivebrane with world volume x E where R'^ is the four-dimensional 
low energy space-time and S is the Riemann surface describing the Coulomb branch 
of the SU(r + 1) gauge theory with 2r quarks. Let t = e~* with s = {x^ + ix^^)/R, R 
being the radius of the eleventh dimension. Then S is holomorphically embedded in 
= {t,v} as the curve [0] 

{v - MY e + f {v~ MYiy + rM) t + {y - MY = 0. (4) 

From the Type IIA perspective (^ describes bending fivebranes as t — >■ oo or 0. Asymp- 
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totically, the separation of the fivebranes reads 

S2 — Si = In — ~ 2 In /f (5) 

which describes the running of the /3-function of the asymptotically free SU{r + 1) 
gauge theory with 2r quarks, with 1// identified with the strong coupling scale A of 
the SU{r + 1) theory, and v interpreted as the energy scale at which we measure the 
coupling. 

The scaling limit, implicit in (^, involves looking at the scale invariant SU{r) theory 
at energy scales much smaller than either M or A. Only far below these scales can 
one sensibly talk about the scale invariance of the SU{r) gauge theory which appears 
as an effective low energy description after integrating out modes charged under the 
decoupled f/(l) gauge factor. The decoupling of the U{1) gauge factor from the brane 
point of view means that we consider a small region of the brane construction near 
V = M, which locally looks like a finite SU{r) gauge theory. To describe the scale 
invariant geometry near f = M we thus introduce a local coordinate x = v — M and 
consider x <^ {A, M} which is the geometrical realization of the scaling to the fixed 
point theories. From we find the description of this region to be 

which indeed describes the scale invariant SU (r) theory (at the origin of its Coulomb 
branch) with coupling parameter 

/ = M(r + 1)/A. (7) 

Thus, we have tuned to a one complex dimensional submanifold of the Coulomb 
branch {M} = Q G C of the SU (r + 1) theory, which realizes some multiple cover 
A4 of the coupling space of the scale invariant SU{r) theory. At certain points in 
Q, specifically M = ±2A/(r + 1) and M — > oo, (||) develops additional singularities 
that we interpret through (|^) as singularities ( "punctures" ) of . is not quite the 
coupling manifold Ad of the SU (r) theory since, as in the field theoretical arguments 
above, there is a Z2 identification M — ^ —M coming from the unbroken subgroup of 
the U{l)ii symmetry: 

M - M/Z2. (8) 
This once again gives the expected S-duality of the SU (r) theory. 
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S-dualities can be derived for the scale invariant SO and Sp theories along the same 
lines. One can also provide a similar interpretation of the derivation in brane language. 

Before proceeding to the generalization of this construction to the product gauge 
group theories, we comment on the definition of S-duality groups. It is natural to define 
the S-duality group F by = A4c\/T. Using the fact that 7ri(A^ci) = 1 one might be 
tempted to identify T = 'Kl{^A), the fundamental group of A^. However, as we have just 
seen, T does not act freely on A^ci, so 7!'i{A4) does not capture all of F. In particular, we 
must enlarge tti to include the holonomies around the orbifold singularities of Ai [14|. 
For example, we can consider fixed points of discrete identifications as being punctures, 
and identify a closed loop around a Z2 orbifold singularity M = of with the order 
two element of the S-duality group. Adding to this the other nontrivial element of the 
fundamental group of M. represented by a closed loop around the = 4A^/(r + 1)^ 
puncture, we recover the full S-duality group F°(2) of the scale invariant SU{r) theory. 



3 S-duality in scale invariant (8)SU gauge theories 

In this section we consider the "cylindrical" models of [|l| and implement their non- 
perturbative duality group as global symmetries acting on the Coulomb branch of a 
higher rank theory. 

Consider N = 2 supersymmetric gauge theory with gauge group 

n 

G = (^SU{k,), (9) 
1=1 

n — 1 hypermultiplets in the bifundamental representation (ki,k2) © (k2,k3)... © 
(kn_i,kn) and di hypermultiplets in the fundamental representation of the SU{ki) 
gauge group factor. We denote this model as 

= ki dil • • • |ki dj • • • |kn d„- (10) 

Given a gauge group G there is a unique choice of for which the beta functions all 
vanish, namely 

di = 2ki - ki^i - ki+i (11) 

(where we understand ko = kn+i = 0). The Coulomb branch C is the manifold of vacua 
with zero hypermultiplet vevs and vector multiplet vevs in the complexified Cartan 
subalgebra of G. Locally C ~ C, where r = rank G, with coordinates 0^*'*, j = 
l,...ki, i = l,...n. The origin of C {(p^j^ = for all {j,i}) describes the scale 
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invariant vacuum, while elsewhere the scale invariance is spontaneously broken and 
the underlying theory generically flows to an infrared free U{lY gauge theory. The 
couplings Tab of this low-energy effective U{lY theory can be geometrically encoded as 
the complex structure (period matrix) of a genus-r Riemann surface S. 
Following [|I| for the given model S is 

y^+' + gi{v)y- + g2{v)Mv)y''-' + g3{v)Mv)'Mv)y''-' 

i—l n 

+ ... + g,{v)X{Xry-+'~^ + ... + XlJ:^'-^ =0 (12) 

s=l s=l 

with 

i=i 

9^ = f^Ili^-^^^-<pf), E = 0. (13) 

i=i i=i 

Here m^^^ are masses of the hypermultiplets in the fundamental representation of the jth 
gauge group factor, fii+i—fii are the masses of the hypermultiplets in the bifundamental 
representations (ki, ki+i), and the fi are some functions of the n gauge couplings Tj of 
the different factors in G. The dependence of the coefficients of the polynomial (|T2D 
on the bares masses, vevs, and couplings can be determined by taking various weak 
coupling limits of the above curve (corresponding in the IIA picture to taking groups 
of NS fivebranes off to infinity), and matching to known lower rank results. This also 
determines the fi as functions of the Tj as (though we will not need this result in what 
follows) 

/n+1 \ 

/. = ( E s,,---s,^)[l[sA , (14) 

jl>->ji \j=l / 

where Si = — 11^=1 Q'fc (and Si = —1) and qi = e^'^'^\ Note that all these identifications 
(of the masses and vevs as well as the couplings) can be modified by adding terms 
which vanish at least as fast as a power law in the qi at weak coupling {qi 0). 
Such redefinitions just correspond to non-perturbative redefinitions of the parameters 
which we have no independent way of fixing. The dependence of the coefficients of 
polynomials describing the curves for non-scale invariant (asymptotically free) theories 
can be found from the above identifications by appropriately sending bare masses to 
infinity and couplings to zero. We used such parameter matchings to write equation 
(1) for the simple SU theory considered in the last section, and we will use such 



8 



matchings several times more in the remainder of the paper. Some examples of these 
identifications had been derived previously in . 



The classical space of couplings A^c/"^ is corresponding to the n gauge couplings 
Qi. Just as in the case of a single gauge group the "quantum" coupling space Ai^"^^ seen 
by the low energy effective theory — as encoded in the curve (|T2|) — is quite different. It 
can be identified with the asymptotic positions of the M theory fivebrane on the cylinder 
parameterized by the complex coordinate s = {x^ + ix^^)/R. This identification can 
be expressed following as 

A^(")=A^0,n+3;2 (15) 

where A^o,n+3;2 is the moduli space of a genus zero Riemann surface with n + 3 marked 
points, two of which are distinguished and ordered while the other n + 1 are indis- 
tinguishable. (In the S-duality group r„ for these theories was identified with 
7ri(A^o,n+3;2)- This must be extended to include holonomies around the orbifold points 
as discussed in the last section.) In what follows we will present a scaling argument to 
derive this S-duality as an exact equivalence by deriving (^). 

We start with an asymptotically free theory described in the brane language by 

= ki + 1 dj • • • |ki + i dj • • • |kn + n d„. (16) 

We can flow to a scale invariant model by tuning the Higgs vevs ^j*'' of the 
model so as to break 

n n 

G = (g) SUih + i)-^(S> U{iy ® G. (17) 

i=l 1=1 

Classically, this is achieved by choosing the Higgs vevs of jFg as 
^(1) 



.J - Ml, j = 1, . . . , fci and (t>k^+i = -kiMi 

bj = ivii, J = 1, . . . ,K2 anu Vk2+p 



- Ml, J = l,...,fc2 and 0fc2+p = -^2Mi+cufM2, p= 1,2 



= Ml, J = 1, . . . , fc, and ^k„+p = -KM^+ujPM^, p = 1, . . . , n{18) 

where Up is the pth root of unity, Up = e^'^'^l'P . In addition, to insure that all hyper- 
multiplets of the Tq model are massless we choose zero bifundamental masses of 
/Ij = 0, i = 1, . . . , n, and tune all masses of the hypermultiplets in the fundamental 
representations of the G factors to rnf' = Mi, j = 1, . . . ,di; i = 1, . . . ,n. 



Ml, j = 1,..., ki and 0fc^+p = -hMi + ufM,,, p=l,...,i 
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These tunings are also valid quantumly at energy scales much lower than minjMj. 
To see this, consider the curve S for the JFg model 

p=i 

+ Uv - Mif\v - Mi)Sl"i"=(*-^)y"+i-* X{{v + hM, - cufM,) + ... 

p=i 

Shifting V ^ V + Mi, in the decoupling limit, v <C minjMj, S turns into 

+ + iyM{ - Miy^ n (^^'o^'V"'"' + • ■ ■ 

s=l 

n 

+ n (^'o'^'-'"^ = 0, (20) 

s=l 

which we recognize as the curve for the scale invariant J-'g model (|T2|) with gauge 
coupling parameters 

f, = Mh + iyMi-Mi). (21) 

Note that the first n — 1 gauge factors of the JF~ model have zero beta function, while 
the last one is asymptotically free. We therefore must assign a strong coupling scale 
A to this factor. By embedding the scale invariant model J-'g into jFg we effectively 
traded the n dimensionless couplings qi of J-'g for the n gauge invariant dimensionless 
parameters Xi = (Mj/A)* of the JF~ model. Let 

= {x„ 2 = l,...,n}. (22) 

At special points in Ai^'^\ (pOj) develops addition singularities that should be thought 
of as the singularities in the quantum coupling space. This locus of singularities (punc- 
tures) in A^*^") is easily extracted from (^) by redefining y v^^y and using the scale 
invariance conditions (|lT]) to get 

1/"+' + /i(fci + l)xi2/" + • • • + k{h + 1)M - x,)y^+^-' + ... + 1 = 0, (23) 

and is given by the vanishing of the discriminant of (p3|). Singularities of ([20| ) also 
arise when one of the roots of (p3|) goes either to zero or infinity, which signals the 
decoupling of the gauge group factors. 
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Global symmetries of the JFg model induce identifications on the A^*^"^ manifold. 
The classical U{1)r symmetry of JFg is broken by the instantons of the last factor in G 
to a discrete subgroup Z^+i = {i^^+i, p = 0, . . . ,n}. The latter acts on the coordinates 

Xi uj^li Xi, p = 0,...,n, (24) 
under whose action we identify the quantum coupling space A<(") with 

_yV<W ^ AfW/Z^+i. (25) 

The punctures of the A^*^") manifold comprise the vanishing locus of the discriminant 
of ( p3D along with points where one or more roots of (^) go to zero or infinity. 

We can now show that Ai'^"'^ ~ -^o,n+3.2- It is convenient to change coordinates {xj} 
on to {fi} through (0). This change is nonsingular and one-to-one. The Z^+i 

symmetry of Al^"-* has the same action on fi as on Xj. The polynomial determining 
the punctures then reads 

yu+l ^ f^yu ^ _ _ _ ^ f^yn+l-^ + _ _ _ + + 1 ^ 0. (26) 

Now, a configuration of + 1 unordered points on a genus zero Riemann surface with 
two marked points (zero and infinity) — a point in Aio,n+3,2 — can be thought of as the 
positions of the roots of the polynomial (p6D which are encoded in the coefficients {/«}. 
Furthermore, the n + 1 sets of coefficients {uJn+i ' P = 0, . . . ,n are related by a 
rotation of the sphere (which preserves the special character of zero and infinity) and 
so should be identified. Dilatations of y are already fixed by the constant term in (p^). 
The set {fi} maps to a single point in Ai^'^\ while the above identification is equivalent 
to the modding by Z„+i in A^^"^. Thus, 

AfH = Al^^VZn+i ^ -M0,n+3,2, (27) 

as we sought to prove. 

We can also show how decoupling of a single gauge factor in G produces Al^"^^) from 
Ai^"\ Decoupling the first gauge factor in the product chain is achieved by taking all 
/j — > oo, while keeping 

P^ = 4^ (28) 
Ji 

finite. In this limit, Ai*^") — > ^(""1) with the punctures of the P^""^) manifold described 
by 

1/" + . . . + . . . +p„y + 1 = 0, (29) 
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which follows from ( ^6]) in the limit after rescaling y —>■ y/fl^""- The Z„+i action on 
_A/f{") induces a Z„ action on 'P^"^^) 

- uj:T'^'''> = (30) 

Thus we conclude that indeed "P^"^^) ~ A^("~^). 

4 S-duality in other product gauge groups 

N = 2 gauge theories with products of SO and Sp groups were solved in ^. 
The derivation of S-dualities for these models essentially repeats the arguments of 
the previous section. 
The model 

J^G = +2ki dj - 2k2 d.l • • • l(-l)'2ki dj • • • l(-l)"2k„ d„ (31) 

(where "+" signs denote 5*0 gauge factors and "— " signs represent Sp gauge factors) 
is scale invariant if 

di = 2ki + 2{-iy - ki^^ - k,+^, t = l,...,n, ko = kr,+i = 0. (32) 
It can be obtained by Higgsing the 

J-g = +2(ki + l) ,J-2(k2 + 2) ^J...|(-l)'2(ki + i) ^J...|(-l)"2(k„ + n) ,J33) 
model with all hypermultiplets massless so that 

n 

G^(g)f/(1)* G. (34) 



1=1 



This is achieved by tuning 



'^ = 0, j = l,...,ki; i = l,...,n 



The curve E for the J-'q model then reads 

12 



C = Mr; 



- (35) 



+ ■■■ 

r=l 

+ ... 

+ v^H-ir+\2Y:^^dM+i-s) =0. (36) 

In the decoupling limit v"^ <^ M^, S reproduces the curve of the scale invariant Tg 
model with gauge couplings 

h = (-1)7. ri Ml (37) 

r=l 

As for the product of SU gauge groups, n — 1 factors of the jFg model have zero beta 
function and the last one is asymptotically free. The instantons of the asymptoti- 
cally free factor generate the strong coupling scale A which breaks the global U{l)ii 
symmetry to a Z„+i subgroup. The latter acts on the dimensionless gauge invariant co- 
ordinates Mf as Mf — * Lj^_^iMf, and hence identifies the couplings under /j ^^n+i fiy 
for p = 0, . . .n. We thus identify the the quantum coupling space of the scale 

invariant J^g niodel with M^"'^ ^ M^"''' /Zn+i where M^"''' = {fi}- Punctures on M^"'^ 
are identified with the points of vanishing discriminant of the polynomial (extracted 
from the J^g curve by the change of variables y — > v'^^^^'^y) 

^"+1 + Ay" + . . . + M'^'-' + ... + 1 = (38) 

along with values of /« which where one or more roots of (^8]) go to zero or infinity. 
This is precisely the same description of TW*^") as we found in the last section, and so 
gives A^*^"^ ^ -A^o,n+3,2, which again is the answer expected on the basis of the low 
energy effective theory. 

In fact, we find that all the scale invariant models studied in have the coupling 
space A^o,n+3,2, determined only by the number of gauge group factors. This is not 
surprising since the N = 2 gauge theory with n factors in the gauge group was derived 
in from a configuration with n + 1 straight NS fivebranes which can be associated 
|l|] with n + 1 unordered points on a cylinder. The moduli space of these points 
have "punctures" (where the low energy effective description of the theory is singular) 
whenever two or more NS fivebranes coincide or move to infinity. This can be cast in 
the form of the vanishing of the discriminant of an n -|- 1 order polynomial as in (|38|) . 

Unlike the previous example, the ^iSU {ki)^SO{N) and ^iSU {ki) ®Sp{N) series of 
P have a different quantum coupling space (and therefore a different S-duality group). 
We will now show that in these cases the coupling space is = Qo,n,2, where Qo,n,2 
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is the moduli space of genus zero Riemann surfaces with two distinguished and marked 
points and n unordered pairs of points with the further condition that, in terms of any 
complex coordinate z on the sphere, the product of the coordinates within each pair is 
the same for all pairs. 

We will write out the derivation only for the <^iSU {ki)®SO{kn) model with even A;„, 
since the other cases can be analyzed in a similar way. We flow to the scale invariant 
model 

= ki dil ■ ■ ■ |ki dj ■ ■ ■ |k„-i d„-il+kn d„ (39) 

with 

di = 2ki - ki_i - ki+i, i = 1, . . . , n - 1, ko = 0, and = /c„ - 2 - k^-i, (40) 
by Higgsing the 

= ki + 2 d,| . . . |ki + 2i dj . . . |k„_i + 2n - 2 d„-il+(k„ + 2n) (41) 
model with massless hypermultiplets, breaking the gauge group G as 

_ n-l 

G ^ (g) ^7(1)=^' ® t/(l)" ® G. (42) 
1=1 

This is achieved by tuning 



(pj^ = 0, j = l,...,ki; i = l,.. 


. ,n — 1 


0f) = O, j = l,...,V2 




4!^, = -4!+2 - M,; i = l,...,n 


- 1 






4-+2r-l = -^■+2r ^ i = T, . . . 


,n — 1 


An) _ . 




rfc„_i+2n-l ~ 'rkn-i+2n ~ -'"n, 




= Mn . 





Introducing 

i 

9i{v) = 92n-i{-v) = fiv''' l[{v^-M^), i = 1, . . . , n 

r=l 

Ji{v) = J2n-i{-v) = v'^\ i = 1, . . . , n - 1 



14 



(44) 



the curve S for the jFg model becomes 

i-l 2n-l 

+ ^7l(^)2/'"-' + • • • + 9i{v) n >/r2/'""^ + • • • + n '^'""^ = 0- (45) 

r=l r'=l 

In the decouphng hmit f ^ <^ it reduces to the scale invariant J-'g model with gauge 
couplings 

/. = f2n-^ = (-1)7. ri l = l,...,n. (46) 

r=l 

The S"?/ factors of the G group have vanishing beta function and the SO factor is 
asymptotically free. The global U{1)r symmetry is broken to a Z2 discrete subgroup 
which acts on the gauge invariant parameters Mf as — »• —Mf, and hence identifies 
the couplings by fi —fi, i = l,...,n. The quantum coupling space Ad^""^ of the 
scale invariant J^g model is thus TVI*^"^ ~ Ai^"'''/Z2 where Ai^"^^ = {fi}. Punctures on 
j\y(in) Q^j-Q values of fi for which either the discriminant of the polynomial (extracted 
from the curve of the J-'g model by the change of variables y v^^y) 

y2n ^ j-^y2n-l ^ ^ ^ ^ ^ j^^^yU+l ^ f^yu ^ J^,^^".! + . . . + + 1 ^ (47) 

vanishes or some or its roots go to zero or infinity. It is always possible to factorize a 
polynomial of the form (^Tf ) into one of the form 

n 

n(l/' + ^.l/ + l) = 0, (48) 

i=l 

thus giving an isomorphism between Al^") = {/j} and Q*^"'-' = {zi modulo permutations}. 
The Z2 identification fi —fi becomes Zi —Zi. With this presentation it is clear 
that = Q("VZ2 ^ Qo,n,2. 

5 Conclusion 

In this letter we have derived the S-dualities of scale invariant N = 2 gauge theories 
with product gauge groups by embedding those theories in asymptotically free N = 2 
theories with higher rank gauge groups and tuning to the scale invariant theories on 
the Coulomb branch. We related S-duality transformations on the couplings of the 
scale invariant theories to global symmetries acting on the Coulomb branch of the 
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higher rank theories. Since these global symmetries are exact in the asymptotically 
free theories, this shows these S-dualities as exact equivalences of the scale invariant 
theories and not just as a property of their supersymmetric states. 

The uniform way in which the complicated quantum coupling spaces of the N = 2 
scale invariant theories were derived by this scaling procedure suggests that it should be 
effective more generally. In particular it would be interesting to extend this argument 
to study S-dualities in scale invariant = 1 theories, some classes of which have been 
proposed and studied in [|^, [T^. 



Another open question involves the physics of the "ultra-strong" coupling points in 
the coupling spaces of iV = 2 theories. Unlike the N = 4 theories where the SL{2, Z) 
S-duality identifies all the ultra-strong (Imr = 0) points with the weak coupling limit of 
the theory, we have seen above that the S-dualities of the N = 2 scale invariant theories 
are generically smaller, and leave ultra-strong points (or manifolds) in their coupling 
spaces. One counterexample is the scale invariant SU{2) theory with four fundamental 
quark hypermultiplets, studied in [0]. There it was found that the theory in fact has the 
whole SL{2, Z) duality and no ultra-strong points. This could also be derived through 
scahng arguments @| by comparing the embeddings of SU{2) into SU{?>) and 5^(4) 
asymptotically free theories. One should note that the scaling arguments presented 
in this paper do not claim to capture all possible S-dualities — there may be further 
identifications of the coupling space which are missed since our arguments only show 
that TW*^") is some multiple cover of the true coupling space. 

This leaves open the possibility that there are further identifications of the coupling 
spaces of the N = 2 theories, perhaps relating the ultra-strong coupling points to some 
other weakly coupled physics. One place where we know such further identifications 
must exist are in theories with SU{2) gauge group factors: for in the limit that the 
other factors decouple, the SU{2) factors must have the full SL{2,Z) duality of 0. 
The new S-dualities in these theories will be explored in 
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